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We present accurate low-dimensional models for real time simulation, control, and
optimization of monolithic catalytic converters used in automobile exhaust treatment.
These are derived directly by averaging the governing equations and using the con-
cepts of internal and external mass transfer coefficients. They are expressed in terms
of three concentration and two temperature modes and include washcoat diffusional
effects without using the concept of the effectiveness factor. The models reduce to the
classical two-phase models in the limit of vanishingly thin washcoat. The models are
validated by simulating the transient behavior of a three-way converter for various
cases and comparing the predictions with detailed solutions. It is shown that these
new models are robust and accurate with practically acceptable error, speed up the
computations by orders of magnitude, and can be used with confidence for the real
time simulation and control of monolithic and other catalytic reactors. VVC 2009 American
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Introduction

The monolithic catalytic reactor is widely used in treating
the exhaust from gasoline powered vehicles, catalytic oxida-
tion of VOCs, removal of NOx from lean burn and diesel
engines, power plant, and furnace exhaust gases. It has sev-
eral advantages such as high heat and mass transport rates
per unit pressure drop, smaller transverse temperature gra-
dients and ease of scale-up, when compared with the tradi-
tional packed-bed reactor. The monolith reactor consists of a
large number of long, narrow channels (of hydraulic diame-
ter about 1 mm) in parallel through which reacting fluid
flows and the catalyst is deposited in the form of washcoat
(of average thickness about 20 lm) on the monolith channel
wall. The reactants diffuse transverse to the flow direction in
the gas phase and through the porous washcoat where they
react and the products formed diffuse back into the gas
phase. Therefore, detailed mathematical models of a mono-

lith reactor consist of a system of coupled nonlinear partial
differential equations (PDEs) in at least two spatial dimen-
sions (axial and radial/transverse) and time along with highly
nonlinear reaction source/sink terms appearing in the solid
phase species and energy balances. Although the numerical
solution of such detailed models with complex catalytic
chemistry is possible with the present day computers, it may
be demanding in terms of time and memory requirements,
especially for real time simulations that may be needed in
the control and optimization schemes. In addition, detailed
solutions, even when available, have to be coarse grained to
obtain quantities of practical interest, such as the average
exit conversion of a reactant. For strongly nonlinear reactor
models exhibiting multiple solutions and boundary layers,
determination of the different types of solutions that may
exist in the multidimensional parameter space may be com-
putationally prohibitive. For these reasons, it is desirable to
have simplified low-dimensional models having same quali-
tative behavior as the full PDE models and sufficient accu-
racy for practical applications.

The most commonly used simplified models of catalytic
monoliths are the 1-D two-phase models (Froment and
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Bischoff1; Oh and Cavendish2; Hayes et al.3). These models
use two modes (or two different concentrations/temperatures)
and the concept of effective external heat and mass transfer
coefficients between the solid and fluid to account for the
transverse variations caused due to velocity gradients and
diffusion of reactant species or heat in the fluid phase. Many
experimental (Hawthorn4; Ullah and Waldram5; Uberoi and
Pereira6; Holmgren and Andersson7; and West et al.8) as
well as theoretical (Shah and London9; Groppi and Tron-
coni10; Tronconi and Forzatti11; Hayes and Kolaczkowski12;
Gupta and Balakotaiah13; and Balakotaiah and West14) corre-
lations have been developed and validated in the literature
for these effective external transfer coefficients. A major li-
mitation of most of these classical two-phase models is that
they neglect the temperature or concentration gradients
within the washcoat or assume chemical reactions occur
only on the surface of the catalytic wall. This assumption
restricts the application of these models to low temperatures
or low catalyst activity and/or loading, or to the case of
extremely thin washcoats. The concentration gradients within
the washcoat may become significant at higher temperatures
or when the diffusion in the washcoat is in the Knudsen re-
gime. To account for the washcoat diffusional effect, the
classical two-phase models can be extended using the con-
cept of effectiveness factor to simplify the problem of diffu-
sion and reaction in the washcoat.1 However, this approach
increases the computational effort tremendously as it
requires the solution of the multicomponent diffusion and
reaction problem in the transverse coordinates (at each axial
location) to determine the interphase fluxes. In addition, this
approach as used in the literature has its limitations (and
conceptual difficulties), especially for the case of multiple
reactions, time varying inlet and transient conditions and has
not been validated, for example, by comparing the two-phase
model solution with that of the full governing equations. The
recent experimental work of Santos and Costa15,16 under-
scores the importance of including washcoat diffusional
effects in the transient modeling of three-way catalytic con-
verters (TWCs).

At the next level, the models of monoliths include detailed
kinetics or catalytic reaction mechanisms (instead of overall
reactions and global kinetic expressions) along with wash-
coat diffusional limitations. Mukadi and Hayes17 modeled
TWC with mechanistic kinetics using the Newton-Krylov
method and showed that washcoat diffusion limitations are
very significant even at relatively low operating tempera-
tures. Koci et al.18 simulated monolithic converters with
microkinetics and considered washcoat diffusional limita-
tions using the short monolith and the plug flow models.
Although these studies capture more details from the macro
down to the microscale, they are prohibitive in terms of nu-
merical effort, and impractical for the purpose of real time
simulation, reactor control, and optimization. Further, they
assume that the microkinetic mechanisms and rate constants
are known, while in most practical situations, which they
estimated using macroscale experimental data (Koltsakis
et al.19). This kinetic parameter estimation is a nontrivial
task if the full PDE models are used.

The next detailed level models of monoliths assume that
the flow conditions in the different channels of the monolith
are identical and solve the full 3-D governing (momentum,

species, and energy balance) equations for a single represen-
tative channel.20–22 Finally, the most detailed models of
monolithic reactors consider the flow and temperature varia-
tions across the channels and the thermal coupling between
the channels.23

Prior work on the modeling of catalytic reactors has
shown that the simplified models such as the classical two-
phase models that include washcoat diffusional effects can
describe the qualitative behavior of monolithic reactors and
also have the quantitative accuracy needed for most practical
applications. The derivation and validation of such low-
dimensional models is the focus of the current work.

In this work, we derive multimode low-dimensional mod-
els for washcoated monoliths that are generalizations of the
classical two-phase models. Specifically, we reduce the
transverse degrees of freedom by averaging the convection-
diffusion-reaction (CDR) equations in the transverse direc-
tion and using the concept of internal and external mass
transfer coefficients. In the next section, we consider the
case of an isothermal monolith reactor and present a three-
mode low-dimensional model. We validate it by comparing
its solution to the exact solution of the CDR equations. We
then extend the low-dimensional model for nonisothermal
and transient analysis of a catalytic monolith in which CO
oxidation occurs. Finally, we present the extension of a five
mode low-dimensional model to the most general case of
multiple reactions under nonisothermal conditions and the
application of this model for real time simulation of three-
way converters (TWCs) and other monolithic reactors.

Formulation of Detailed Model

In this section, we present a detailed mathematical model
of a catalytic monolith. We consider a single straight chan-
nel of arbitrary shape in which the catalyst is distributed uni-
formly within the porous washcoat deposited on the inner
wall of the channel. It is assumed that the cross-section of
the channel is invariant with the axial position, but the wash-
coat thickness may vary along the circumferential perimeter,
as shown in Figure 1. This represents more realistic shape of
monoliths used in practical applications, for example, mono-
liths in which washcoat is deposited on the interior of a
square, rectangular, or triangular channel where it tends to
deposit more at the corners, making washcoat thickness non-
uniform along the periphery. Further, we make the following
assumptions while developing the detailed convection-diffu-
sion-reaction model: (i) the flow is laminar and fully devel-
oped; (ii) the aspect ratio of the channel is assumed to be
small, that is, the hydraulic diameter of the channel is much
smaller than the length of the channel. Assumption (ii) justi-
fies the use of fully developed velocity profile neglecting
entry region effects or developing flow conditions and also
leads to the simplification of negligible axial diffusion in
both the fluid phase and washcoat when compared with the
convective transport; (iii) isothermal conditions; (iv) varia-
tions of physical properties with composition are neglected;
and (v) the rate of disappearance of the limiting reactant per
unit volume of the washcoat may be expressed in terms of
the gas-phase mole fraction or concentration of the reactant
in the washcoat. Most of these assumptions will be relaxed
later when the model equations are extended to the general
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case. With these assumptions, the detailed convection-diffu-
sion-reaction model in dimensional form is given by

@C1

@t
þ uh if x; yð Þ @C1

@z
¼ Df r2

TC1

� �
0\ z\ L; x; yð Þ 2 X1

(1)

ewc
@C2

@t
¼ Ds r2

TC2

� �� RðC2Þ 0\ z\ L; x; yð Þ 2 X2 (2)

Here, C1 and C2 are the reactant concentration in the fluid
and catalyst (washcoat), respectively. X1 and X2 denote the
cross-sectional domains of the fluid phase and catalyst
(washcoat), respectively; L is the length of the channel; !2

T

is the transverse Laplacian operator in X1 and X2, Df is the
molecular diffusivity of the reacting species in the fluid
phase, Ds is effective diffusivity of the reacting species
within the washcoat, hui is the average velocity, and f(x,y) is
the (normalized) local velocity profile within the channel
(other symbols are defined in the notation). Equation 2 is
subjected to the no flux condition at the outer boundary of
the washcoat-wall interface, whereas Eqs. 1 and 2 are sub-
jected to continuity of concentration and flux at the fluid-
washcoat interface:

nX2
� rTC2 ¼ 0 on @X2 (3a)

C1 ¼ C2 and nX1
� DfrTC1 � DsrTC2ð Þ ¼ 0 on @X1

(3b)

The inlet and initial conditions are given by

C1 ¼ Cin x; y; tð Þ 2 X1 at z ¼ 0 ðInletÞ (3c)

C1 x; y; z; t ¼ 0ð Þ ¼ C10 x; y; zð Þ;C2 x; y; z; t ¼ 0ð Þ
¼ C20 x; y; zð Þ ðInitialÞ ð3dÞ

where Cin is the inlet reactant concentration. Here, qX1 is the
fluid-washcoat interfacial perimeter, qX2 is the washcoat-wall
boundary, nX1

, and nX2
are unit outward normals to qX1 and

qX2, respectively, as shown in Figure 1.
We define two characteristic length scales for transverse

diffusion associated with the fluid phase (RX1
) and the wash-

coat (RX2
), respectively. The characteristic length scale for

the fluid phase (RX1
) is defined as the ratio of the flow area

ðAX1
¼ R

X1
dXÞ to the interfacial perimeter (PX), whereas the

characteristic length or the effective thickness for the wash-
coat (RX2

) is defined as the ratio of washcoat cross-sectional
area ðAX2

¼ R
X2

dXÞ to the interfacial perimeter (PX). The
transverse diffusion length for the fluid phase (RX1

) is related
to the hydraulic diameter of the channel by dh ¼ 4RX1

.

One-Dimensional Two-Phase Model

Since the solution of detailed model consisting of partial
differential equations in time and three spatial coordinates is
time consuming (especially for practical cases involving
multiple species, nonisothermal effects, time varying inlet
conditions, and when the ratio of species diffusivities in the
gas phase to that in washcoat is large), simplified models
have been proposed for simulating catalytic monoliths. As
stated in the introduction, the most widely accepted of these
is the two-phase model that uses two representative concen-
trations at each axial position. For the case of negligible
axial dispersion within the fluid phase, this model in dimen-
sional form is given by

@Cfm

@t
þ uh i @Cfm

@z
¼ �kmeav Cfm � Csð Þ (4a)

kme Cfm � Csð Þ ¼ Rs Csð Þ; (4b)

where Cfm is cup-mixing concentration in the fluid phase, Cs is
concentration at the fluid-washcoat interface, kme is mass
transfer coefficient between the fluid and washcoat, av is the
fluid-washcoat interfacial area per unit volume, and Rs is the
reaction rate (calculated per unit interfacial area). In the
literature, this model is usually modified to include the
diffusional limitations in the solid phase by introducing the
effectiveness factor. In this case, Eq. 4b is modified as

kme Cfm � Csð Þ ¼ RX2
gR Csð Þ; (4c)

where R is volumetric reaction rate (calculated per unit
catalyst phase volume) and g is the effectiveness factor
defined by

g ¼ 1

Vs

R
RðCÞdVs

RðCsÞ Vs ¼ volume of washcoat: (5)

This model, which accounts for the local transverse gra-
dients through the concepts of mass transfer coefficient and
effectiveness factor, is used extensively in the literature. The
problem of flow and diffusion in the gas phase is often
decoupled from the reaction in the washcoat and approxi-
mated by using a mass transfer coefficient between the bulk
fluid phase and the surface. The concept of effectiveness fac-
tor is used to simplify the problem of diffusion and reaction
in the washcoat. As stated in the introduction, the use of
effectiveness factor concept has limitations for the case of
multiple reactions. For example, to calculate the volume
averaged reaction rates, we need to solve the diffusion-reac-
tion problem in the washcoat, which is numerically inten-
sive, especially for the case of multiple reactions.

Figure 1. Schematic diagram illustrating the notations
and different domains in a monolithic channel
of arbitrary shape.
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A Low-Dimensional Model for an Isothermal
Monolith with Washcoat Diffusion

In this section, we present a low-dimensional model that
is a generalization of the classical two-phase model. It is
derived by averaging the detailed Eqs. 1–3. We define aver-
aged concentrations in fluid phase and washcoat that will be
used later in deriving the low-dimensional model. The fluid
phase cup-mixing concentration (Cfm) is defined as the trans-
verse averaged concentration weighted with respect to the
velocity profile, and is given by

Cfm ¼
R
X1

f ðx; yÞC1ðx; yÞdXR
X1

f ðx; yÞdX ¼ 1

AX1

Z
X1

f ðx; yÞC1ðx; yÞdX

(6a)

where f(x,y) is the normalized velocity profile satisfying the
relation,

R
X1

f ðx; yÞdX ¼ AX1
.

Similarly, the surface concentration Cs, or more precisely,
the circumferentially averaged concentration at the fluid-
washcoat interface is defined by

Cs ¼
R
dX1

C1ðx; yÞdCR
dX1

dC
¼

R
dX1

C2ðx; yÞdCR
dX1

dC
; (6b)

where dC is the arc length along the fluid-washcoat interface.
The spatially (or local volume) averaged concentration in

the gas phase is defined by

D
Cf

E
¼

R
X1

C1ðx; yÞdXR
X1

dX
¼ 1

AX1

Z
X1

C1ðx; yÞdX (6c)

The spatially (or local volume) averaged concentration in
the washcoat is defined by

D
Cwc

E
¼

R
X2

C2ðx; yÞdXR
X2

dX
¼ 1

AX2

Z
X2

C2ðx; yÞdX (6d)

We also define the average external mass transfer coeffi-
cient between the bulk of fluid phase and fluid-washcoat
interface by

kme ¼ SheDf

4RX1

¼ � 1

PX

R
dX1

Df rTC1ð Þ: nX1
dC

Cfm � Csð Þ ; (7a)

Similarly, the average internal mass transfer coefficient
between the interior of the washcoat and fluid-washcoat
interface is defined by

kmi ¼ ShiDs

RX2

¼ 1

PX

R
dX1

Ds rTC2ð Þ:nX1
dC

Cs � Cwch ið Þ (7b)

Integrating Eq. 1 over the cross section of the fluid phase,
applying the divergence theorem, the definition of external
mass transfer coefficient (Eq. 7a) and the definitions of the
averaged concentrations (Eqs. 6a–6c), we get

AX1

@ Cf

� �
@t

þ uh iAX1

@Cfm

@z
¼ �PXkme Cfm � Csð Þ

Neglecting the microscale mixing in the fluid phase or
using the approximation Cfm � Cf

� �� �
and dividing by AX1

,
we get

@Cfm

@t
þ uh i @Cfm

@z
¼ � 1

RX1

kme Cfm � Csð Þ: (8a)

Integrating Eq. 2 over the cross section of washcoat,
applying the divergence theorem, the definitions of internal
mass transfer coefficient (Eq. 7b) and the averaged concen-
trations (Eqs. 6b and 6d), we get

ewcAX2

@ Cwch i
@t

¼ kmiPX Cs � Cwch ið Þ �
Z
X2

RðC2ÞdX

We express the reactant concentration in the washcoat as
a sum of the volume averaged concentration and a deviation,
that is, C2 ¼ hCwci þ C0

2, so that we have (by definition)

Z
X2

C0
2dX ¼ 0:

Now, the reaction rate over the volume of the washcoat
may be expressed as

Z
X2

RðC2ÞdX ¼ AX2
R Cwch ið Þ þ @R

@C2

Cwch ið Þ

Z
X2

C0
2dXþ 1

2!

@2R

@C2
2

Cwch ið Þ
Z
X2

C0
2

� �2
dXþ � � � � �

The second term on the r.h.s. of above equation vanishes
and ignoring higher order terms, (assuming C0

2 � hCwci),
we get the following equation for the averaged form of the
species balance in the washcoat:

ewcRX2

@ Cwch i
@t

¼ kmi Cs � Cwch ið Þ � RX2
R Cwch ið Þ (8b)

Integrating Eq. 3b along the circumference at the fluid-
washcoat interface and using the definitions of mass transfer
coefficients (Eqs. 7a and 7b), we can write,

kme Cfm � Csð Þ ¼ kmi Cs � Cwch ið Þ (8c)

Thus, the problem of diffusion and reaction in the wash-
coat is accounted for by the use of internal mass transfer
coefficient (kmi) and internal concentration gradient, (Cs �
hCwci). Similarly, the problem of flow and transverse diffu-
sion in the gas phase is accounted for by the use of the
external mass transfer coefficient (kme) and the external con-
centration gradient, (Cfm � Cs). We note that the fluid-wash-
coat interfacial concentration, Cs, can be eliminated from
Eqs. 8a and 8b using (8c) and the low-dimensional model
reduces to two-mode form given by
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@Cfm

@t
þ uh i @Cfm

@z
¼ � 1

RX1

kmo Cfm � Cwch ið Þ (9a)

ewcRX2

@ Cwch i
@t

¼ kmo Cfm � Cwch ið Þ � RX2
R Cwch ið Þ (9b)

with the averaged initial and boundary conditions given by

Cfm z; t ¼ 0ð Þ ¼ Cfm0ðzÞ (10a)

Cwch i z; t ¼ 0ð Þ ¼ Cwch i0ðzÞ (10b)

Cfm ¼ CinðtÞ at z ¼ 0: (10c)

Here, kmo can be considered as overall mass transfer coef-
ficient, reciprocal of which is the sum of the two resistances
of mass transfer, that is, 1

kmo
¼ 1

kme
þ 1

kmi
. Table 1 shows as-

ymptotic values (for the case of very slow reaction) of the
dimensionless mass transfer coefficients or Sherwood num-
bers, She and Shi [defined by Eqs. 7a and 7b] for different
washcoat and channel geometric shapes. For a detailed dis-
cussion on the internal mass transfer coefficient, we refer to
another recent publication.24

Equations 9a and 9b represent the low-dimensional two-
mode (namely Cfm and hCwci) model for a laminar flow cat-
alytic monolith with arbitrary channel geometry but with
high axial Peclet number (convection dominated limit). We
refer to Eq. 8a as the global evolution equation as it
describes the evolution of the mixing-cup concentration, Cfm

with residence time or length along the channel. Equations
8b and 8c are called the local equations because they give
the local mass transfer between different scales due to the
coupling between reaction and flow and are dependent only
on local variables like local diffusion lengths, local reaction
rate and the species diffusivities (Df, Ds).

Physics of the catalytic monolith explained by
low-dimensional model

In this sub-section, we explain the physics of the catalytic
monolith (gas–solid mass transfer with chemical reaction)
using the above low-dimensional model. We also explain the
physical significance of multiple concentrations or ‘‘modes’’
used in the low-dimensional model.

In conventional mass/heat transfer, we use the concept of
transfer coefficients based on the assumption that the resist-
ance to diffusion of mass/heat can be described by a ficti-
tious stagnant film of certain thickness within which the con-
centration or temperature variation occurs. When there are
multiple resistances in series, the mass/heat flux is propor-
tional to an overall driving force or gradient for transfer. In
this case, resistances to transfer in multiple phases are added
to get an overall resistance. The reciprocal of the overall re-
sistance is an overall coefficient, which is more convenient
to use for design calculations than the individual
coefficients.

We can extend this concept to explain the physics of gas–
solid mass transfer with chemical reaction in the washcoated
monolith. The simplified low-dimensional model considers
mass transfer as a combined effect of inter- and intraphase
gradients and is an extension of the classical two-phase
model. We write two separate equations for the fluid and
solid phases. Figure 2 shows local gas–solid mass transfer
with chemical reaction at an intermediate section of the cata-
lytic monolith. Reactants in the gas phase diffuse from the
bulk to the gas–solid interface and they simultaneously dif-
fuse and react within the solid phase. This may be explained
by a hypothetical two-resistance model. The resistance for
mass transfer in the gas phase resides in the stagnant film of
certain thickness in which concentration drops from Cfm to
Cs (at gas–solid interface). Similarly, in the solid phase, the
resistance to mass transfer is located near a thin region (or
boundary layer) near the gas–solid interface and the concen-
tration drops from Cs (at gas–solid interface) to hCwci in the
bulk solid (washcoat) phase. In the bulk solid (catalyst)
phase, we assume that the concentration is constant at hCwci.
The reaction rate is evaluated at this volume averaged con-
centration. From the physics of the gas–solid mass transfer
with chemical reaction, it is clear that we need three modes

Table 1. Asymptotic Values of External (She) and Internal
(Shi) Sherwood Numbers for Some Common Channel and

Washcoat Shapes

She1 a/R Shi1
48/11 1 0.826

1.1 1.836
1.2 2.533
1.5 3.716

She1

a/R Shi1

48/11 1.7321 0.84
1.9245 1.45
2.4744 2.92

She1

R2/R1 Shi1

48/11 1.01 3.015
1.1 3.153
1.2 3.311
1.5 3.818

Figure 2. Local gas–solid mass transfer with chemical
reaction in the washcoat with two film resis-
tances.

AIChE Journal July 2009 Vol. 55, No. 7 Published on behalf of the AIChE DOI 10.1002/aic 1775



or concentrations (namely, Cfm, Cs, hCwci) to model the local
gradients in the system.

Comparison of low-dimensional model with
conventional two-phase model

In this sub-section, we show how the low-dimensional
model reduces to the conventional two-phase model in the
limit of vanishingly thin washcoat. For a very thin washcoat,
RX2

! 0, and Cs ¼ hCwci. The reaction rate per unit fluid-
washcoat interfacial area can be calculated from volumetric
reaction rate as

RsðCsÞ ¼ RX2
R Cwch ið Þ PXDzð Þ

PXDzð Þ ¼ RX2
R Cwch ið Þ: (11)

Using Eqs. 8b, 8c, and 11, Eq. 8b reduces to,

kme Cfm � Csð Þ ¼ RsðCsÞ (8b0)

Thus, by comparing Eqs. 8a and 8b0 to 4a and 4b, respec-
tively, it is concluded that the low-dimensional model
reduces to conventional two-phase model in the limit of van-
ishingly thin washcoat. For finite washcoat thickness, the
low-dimensional model extends the classical two-phase
model by including accumulation terms and concentration
gradients in the solid phase but without using the effective-
ness factor concept.

Extensions to the low-dimensional model when
boundary layers exist

In this sub-section, we present some extensions that
expand the range of validity of the low-dimensional model.
First, as noted above, the low-dimensional model was
derived by assuming that the aspect ratio of the channel is
small, that is, the channel length is much larger than the hy-
draulic diameter. Therefore, we can justify using a constant
Sherwood number in describing the external mass transfer.
However, if the flow enters the channel fully developed but
the residence time is comparable to the transverse diffusion
time, we cannot neglect the boundary layer near the en-
trance. Therefore, the low-dimensional model that is pre-
sented above should be used with a position dependent mass
transfer coefficient. We can expand the range of validity of
our low-dimensional model by making She position depend-
ent. For example, for a circular channel, position dependent
She is given by,13

Sheðz0Þ ¼
2:31ðpPeÞ1=3; 0\ z0 \ 0:71

Pe

2:065 p
z0
� �1=3

; 0:71
Pe \ z0 \ 0:1p

48
11
; z0 > 0:1p

8>><
>>:

(12)

where, z0 is dimensionless axial distance, p is transverse
Peclect number and Pe is axial Peclet number.

Similarly, when the diffusion time within the washcoat is
small compared to the characteristic reaction time or when
the drop in the concentration within the washcoat is small,
(C0

2 � hCwci), we can justify using a constant internal Sher-
wood number (Shi).

24 This assumption may not be valid for
fast reactions (/s � 1) or when the ratio of species diffusiv-

ities in the gas phase to those in the washcoat is large (Df/Ds

[ 100). For large value of the normalized Thiele modulus
(/s), which for a single step irreversible reaction is defined
by

/2
s ¼

R2
X2
RðCsÞ2

2Ds

R Cs

0
RðCÞdC

;

the concentration in the solid phase drops very rapidly and a
boundary layer exists close to the washcoat-fluid interface. In
such cases, we can expand the range of validity of the low-
dimensional model for large values of Thiele modulus (/s) by
making Shi as a function of /s. For example, for the general
case of a single reaction, Shi can be approximated by,24

Shi ¼ Shi1 þ K/2
s

1þ K/s

; (13)

where the asymptotic Sherwood number (Shi1) and the con-
stant K depend only on the washcoat geometry (For further
discussion about internal Sherwood numbers for the case of
single and multiple reactions, we refer to the recent work of
Balakotaiah24). Thus, with these modifications, by making
She and Shi numbers position dependent, we can expand the
region of validity of the low-dimensional model to include
most cases of practical interest. Moreover, the dimensionless
numbers She, Shi can be calculated or estimated once the
flow conditions, reaction system/kinetics and washcoat geo-
metries are known. Once again, the asymptotic values (for
the case of very slow reaction) of She and Shi for different
washcoat and channel geometric shapes are listed in Table 1.

Accuracy of low-dimensional model for linear kinetics

In this sub-section, we demonstrate the accuracy of the
two-mode model by comparing its solution with that of the
full partial differential equation (PDE) model. The solution
of the latter is obtained by the finite Fourier transformation
with the following assumptions: (i) convection is dominant
over axial diffusion (axial Peclet number is very large), (ii)
isothermal case with first order reaction (Rate ¼ k C), (iii)
steady state, (iv) fully developed flow in a channel of circular
cross-section, and (v) washcoat thickness is small when com-
pared with the channel hydraulic diameter so that curvature
effects may be neglected. The resulting model and solution
procedure and expressions for the exit cup-mixing concentra-
tion in the fluid phase may be found in Bhattacharya et al.25

We compare the predictions of the low-dimensional model
with that of the full PDE model in Figure 3 for a typical set

of parameter values: p ¼ R2
X1

hui
DfL

¼ 0:025; l ¼ Df

Ds
¼ 100,

k ¼ RX2
RX1

¼ 0:2;/s ¼ RX2

ffiffiffiffi
k
Ds

q
¼ 20. It can be observed that

the extended low-dimensional model (with modified She and

Shi numbers) using Eqs. 12 and 13 is as accurate as the ana-

lytical solution for all practical purposes.

Extension to the Nonisothermal Case

We now present the extension of the low dimensional
model for transient simulations under nonisothermal
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conditions. While deriving the low-dimensional model, we
considered only the species balance. Since we have assumed
isothermal conditions, we neglected the energy balance. We
can extend the low-dimensional model for the nonisothermal
case by adding energy balance equations with coupling
between the species and energy balances coming through the
reaction terms. Assuming a high thermal diffusivity of solid
phase (washcoat and support), we can ignore temperature
gradients in the transverse direction in the solid phase. We
can write,

@Cfm

@t
þ uh i @Cfm

@z
¼ � 1

RX1

kmo Cfm � Cwch ið Þ (14a)

ewcRX2

@ Cwch i
@t

¼ kmo Cfm � Cwch ið Þ � RX2
R Cwch i; Tsð Þ (14b)

with initial and boundary conditions

Cfmðz; t ¼ 0Þ ¼ Cfm0ðzÞ
Cwch iðz; t ¼ 0Þ ¼ Cwch i0ðzÞ
Cfm ¼ CinðtÞ at z ¼ 0

(15)

The energy balance can be written as,
Fluid phase:

qfcpf
@Tf
@t

þ uh iqfcpf
@Tf
@z

¼ � 1

RX1

hðzÞðTf � TsÞ (16a)

Solid phase:

RXw
qwcpw

@Ts
@t

¼ RXw
kw

@2Ts
@z2

þ hðzÞðTf � TsÞ
þ RX2

R Cwch i;Tsð Þð�DHÞ ð16bÞ

with initial and boundary conditions

Tf ¼ TfinðtÞ at z ¼ 0; Tfðz; t ¼ 0Þ ¼ Tf0ðzÞ; Tsðz; t ¼ 0Þ
¼ Ts0ðzÞ; @Ts

@z
¼ 0 at z ¼ 0;L ð17Þ

Equations 14a and 14b along with 16a and 16b describe
the four-mode (namely Cfm, hCwci, Ts, Tf) low-dimensional
model for the laminar flow nonisothermal catalytic monolith
with high thermal diffusivity of solid phase (neglecting
transverse temperature gradients in the solid phase). Equa-
tions 15 and 17 describe boundary and initial conditions.
Here, RX2

, RXw
are the effective washcoat and wall thickness,

respectively. In deriving Eq. 16b, we have assumed that the
coefficients of the accumulation and conduction terms in the
solid-phase energy balance can be expressed as: RXw

qwcpw ¼
RX2

qccpc þ RXs
qscps, RXw

kw ¼ RX2
kc þ RXs

ks, where the
subscript s and c refer to the support and washcoat, respec-
tively. Now, we demonstrate the application of four mode
low-dimensional model given by Eqs. 14a–17 for simulating
the transient behavior of a catalytic monolith for the case of
CO oxidation. Further, we validate the four mode model by
comparing the solution with the detailed solution obtained
by COMSOL [version 3.3, Copyright 1994-2007 by COM-
SOL]. The oxidation kinetics are taken from the work of
Pontikakis and Stamatelos.26

R ¼ 1� 1019 expð�10; 825=TsÞxCOxo2
FðxCO; TsÞ ;

FðxCO; TsÞ ¼ Ts 1þ 65:5 exp
961

Ts

� �
xCO

� �2

ð18aÞ

Here, xCO, xO2
are mole fractions of CO and O2 in the

washcoat, respectively, and Ts is the temperature of the
washcoat. Discretizing the equations in the axial direction
using the finite difference method results in a set of ODEs
which are then integrated in time using semi-implicit inte-
grator to get temperature and concentration profiles at differ-
ent times. Here, we present the results for the case of a cy-
lindrical monolith with a set of parameter values listed in
Table 2. The position dependent heat and mass transfer coef-
ficients are calculated using a correlation13:

Figure 3. Comparison of low-dimensional model and
analytical solutions for an isothermal mono-
lith with linear kinetics.

Table 2. Standard Set of Parameter Values
Used for Simulation

hui 1 m/s qf 0.6 kg/m3

L 7 cm cpf 1000 J/kg/K
RX1

0.3 mm qw 2500 kg/m3

RXw
100 lm cpw 1000 J/kg/K

RX2
15 lm kf 0.05 W/m/K

Ts0 300 K kw 2 W/m/K
Case 1 CO oxidation simulations Case 2 TWC simulations

Tfin 600 K Tfin 540 K
xCOin

1% xCOin
1%

xO2in
5% xHCin

500 ppm
xH2in

0.3%
xO2in

0.85%
xNOin

300 ppm
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Nuðz0Þ ¼ Sheðz0Þ ¼
2:31ðpPeÞ1=3; 0\ z0 \ 0:71

Pe

2:065 p
z0
� �1=3

; 0:71
Pe \ z0 \ 0:1p

48
11
; z0 > 0:1p

8><
>:

(18b)

The internal mass transfer coefficient for a cylindrical
washcoated monolith is given by24

Shi ¼ 3þ 0:2/2
s

1þ 0:2/s

(18c)

Diffusivity of species in the gas phase is calculated
assuming it is diluted in nitrogen. The diffusion in the pores
of a typical monolith reactor washcoat is dominated by
Knudsen diffusion and effective diffusion coefficient can be
written as following (Mukadi and Hayes17):

Ds ¼ e
s
97a

T

Mm

� �0:5

(18d)

Here, e ¼ porosity ¼ 0.41, s ¼ tortuosity factor ¼ 8, Mm

¼ mol wt (g/mol), a¼ pore radius ¼ 10 nm.
Figure 4 shows the comparison of exit CO conversion in a

monolith calculated using three different models. The low-
dimensional model solution has a good agreement with the
detailed solution. The two-phase model solution without
washcoat diffusion predicts early ignition because of higher
rates of internal mass transfer. Therefore, it predicts higher
conversions or lower cumulative emissions. Comparison of
monolith temperature profiles simulated using low-dimen-
sional model and two phase model without washcoat diffu-
sion is shown in Figure 5. Including diffusional limitations
in the washcoat not only delays the ignition but it also shifts
the location of ignition further downstream in the monolith.
Therefore, the temperature predicted by low-dimensional
model is always less than that predicted by two phase model
until steady state is reached. This effect becomes more
prominent for higher values of feed temperatures.

We now elaborate the rationale behind using three concen-
trations or modes in the low-dimensional model. Consider
the monolith at time, t ¼ 30 s. (The axial monolith tempera-
ture profile at time, t ¼ 30 s is shown in Figure 5). At this
time, we can divide the monolith into two parts: ignited
(front) part and cold (back) part. In the ignited part of the
monolith temperature is very high, reaction rates are very
high and therefore the monolith is in the mass transfer con-
trolled regime. The part of the monolith where ignition has
not propagated is still cold, reaction rates are small, and the
monolith is in the kinetically controlled regime. As time pro-
gresses, the ignition front propagates to the back end of the
monolith and entire monolith moves into the mass transfer-
controlled regime. Figure 6 shows profiles of the three con-
centrations (cfm, cs, hcwci) at time, t ¼ 30 s. It is important
to note that in the front (ignited) part of the monolith, there

Figure 4. Simulated exit CO conversion in a monolith. Figure 5. Comparison of simulated monolith tempera-
ture profiles for CO Oxidation in a monolith
with and without washcoat diffusion.

Figure 6. Simulated dimensionless concentration pro-
files for CO oxidation in a monolith at time, t
5 30 s, showing strong washcoat diffusional
limitations in the ignited part.
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is an order of magnitude difference in concentrations cs,
hcwci, indicating strong washcoat diffusional limitations. But
the back end of the monolith is still cold and there is negli-
gible difference in the concentrations. Thus, by using the dif-
ference (cs � hcwci), the low-dimensional model can explain
the importance of washcoat diffusion. Similarly, the magni-
tude of (cfm � cs) indicates the extent of external mass trans-
fer limitations. The overall mass transfer can be described as
the combined effect of inter phase gradient (cfm � cs) and
internal solid phase gradient (cs � hcwci) which is a measure
of diffusional limitations in the washcoat.

Low-Dimensional Model for Multiple Reactions
and Nonisothermal Case

In this section, we present an extension of the four mode
low-dimensional model to the most general case of multiple
reactions under nonisothermal conditions and also show the
application of this model for real time simulation of a three-
way converter (TWC). The four mode low-dimensional
model for the case of multiple reactions can be written as,

@Cfmj

@t
þ uh i @Cfmj

@z
¼ � 1

RX1

kmoj Cfmj
� Cwch ij

� 	
(19a)

ewcRX2

@ Cwch ij
@t

¼ kmoj Cfmj
� Cwch ij

� 	

þ RX2

XN
i¼1

mijRi Cwch i1; Cwch i2;…; Cwch is;Ts
� � ð19bÞ

The initial and boundary conditions are given as,

Cfmj
ðz; t ¼ 0Þ ¼ Cfmj0

ðzÞ
Cwch ijðz; t ¼ 0Þ ¼ Cwch ij0ðzÞ
Cfmj

¼ CjinðtÞ at z ¼ 0

(20)

Here, j ¼ 1,2 …S is the number of species and i ¼ 1,2
…., N is the number of reactions. kmoj

is the overall mass
transfer coefficient for species j, the reciprocal of which is
the sum of the two resistances of mass transfer given by
1

kmoj
¼ 1

kmij
þ 1

kmej
. The external mass transfer coefficient (in the

gas phase) is calculated using position dependent She(z),
given by

kmejðzÞ ¼
SheðzÞDfj

4RX1

The internal mass transfer coefficient (in the solid phase)
for species j is approximated by using the asymptotic inter-
nal Sherwood number, Shi1:

kmij ¼
Shi1Dsj

RX2

:

The energy balances can be written as, Fluid phase:

qfcpf
@Tf
@t

þ uh iqfcpf
@Tf
@z

¼ � 1

RX1

hðzÞðTf � TsÞ (21a)

Solid phase:

RXw
qwcpw

@Ts
@t

¼ RXw
kw

@2Ts
@z2

þ hðzÞðTf � TsÞ

þ RX2

XN
j¼1

Rj Cwch i1; Cwch i2;…; Cwch is; Ts
� � �DHj

� � ð21bÞ

with the following boundary and initial conditions:

Tf ¼ TfinðtÞ at z ¼ 0; Tfðz; t ¼ 0Þ ¼ Tf0ðzÞ; Ts z; t ¼ 0ð Þ
¼ Ts0ðzÞ; @Ts

@z
¼ 0 at z ¼ 0; L ð22Þ

Equations 19a and 19b along with 21a and 21b describe

the four-mode (namely Cfmj
, hCwcij, Ts, Tf) low-dimensional

model for laminar flow nonisothermal catalytic monolith

with high thermal diffusivity of solid phase (neglecting

transverse temperature gradients in the solid phase). The

coupling between species and energy balance comes through

reaction term in Eqs. 19b and 21b. [Remark: In writing the

explicit expressions for the overall mass transfer coefficient

for each species, it has been assumed that the species fluxes

are decoupled. This assumption leads to a diagonal mass

transfer coefficient matrix in the kinetically controlled re-

gime. For further details, we refer to Balakotaiah24].

Application of low-dimensional model for real time
simulations of TWC

In this section, we use the low-dimensional model for
transient simulations of a three-way converter (TWC). We
consider the following reactions:

COþ 1

2
O2 ! CO2 DH ¼ �2:83� 105 J=mol

H2 þ 1

2
O2 ! H2O DH ¼ �2:42� 105 J=mol

C3H6 þ 4:5O2 ! 3CO2 þ 3H2O DH ¼ �19:26� 105 J=mol

NOþ CO ! CO2 þ 1

2
N2 DH ¼ �3:73� 105 J=mol

We use global kinetics, taken from the work of Pontikakis
and Stamatelos26

RCO ¼ k1xCOxO2

Gðx; TsÞ ;RH2
¼ k1xH2

xO2

Gðx; TsÞ
where,

k1 ¼ 1� 1019 expð�10; 825=TsÞ; k3 ¼ 2� 1019

expð�11; 427=TsÞ; ðmolK s�1m�3Þ
k4 ¼ 4� 1014 expð�10; 825=TsÞ; ðmol s�1m�3Þ
Gðx;TsÞ ¼ Tsð1þ ka1xCO þ ka2xHCÞ2ð1þ ka3x

2
COx

2
HCÞ
ð1þ ka4x

0:7
NOÞ
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ka1 ¼ 65:5 expð961=TsÞ; ka2 ¼ 2080 expð361=TsÞ;
ka3 ¼ 3:98 expð11; 611=TsÞ

ka4 ¼ 4:79� 105 expð�3733=TsÞ;

xCO, xO2
, xHC, xH2

, xNO are mole fractions of CO, O2,
hydrocarbon, H2 and NO in the washcoat, respectively. Ts is
the temperature of washcoat. Diffusivity of species in the gas
phase is calculated assuming it is diluted in nitrogen. The
effective diffusion coefficient in the washcoat is calculated
using Eq. 18b.

We use four mode low-dimensional model given by Eqs.
19a, 19b and 21a, 21b. Discretizing the equations in the
axial direction using finite difference method results in a set
of ODEs which are then integrated in time using semi-
implicit integrator to get temperature and concentration pro-
files at different times. In the next section, we compare the
low-dimensional model solution with the detailed solution
for the case of a cylindrical monolith with standard parame-
ter values listed in Table 2.

Low-dimensional model simulation results and
comparison with detailed solution

The detailed solution is obtained by COMSOL [version
3.3, Copyright 1994-2007 by COMSOL]. Figures 7a,b
show the comparison of monolith temperature and exit
conversions respectively, calculated using COMSOL and
the four mode low-dimensional model. Middle ignition is
observed and as time progresses it propagates to back end
of the monolith. There is a good agreement between the
low-dimensional model solution and the detailed solution
obtained using COMSOL. The low-dimensional model
requires considerably less computation time as compared
to COMSOL. To give a comparison to simulate a real
time of 200 s, COMSOL takes 2543 s while low-dimen-
sional model can simulate the same problem using
MATLAB

VR
in 5 s (on a PC with an AMD Athlon 64 Processor

2.41 GHz CPU and 960 MB memory). When the ratio of diffu-
sivities of gas to solid phase is high (Df/Ds[ 100) or inlet tem-
perature of fluid is high (Tfin[ 600 K), the concentration in the
washcoat drops very rapidly and a very fine mesh needs to be
generated in the washcoat which makes COMSOL simulation
extremely slow or in many cases it fails (either due to memory
requirement or stiffness caused by the boundary layers appear-
ing). However, the low-dimensional model is robust and can
simulate the problem for any parameter value of practical inter-
est within a few seconds. Thus, as stated in the introduction, the
main advantage of the low-dimensional model is the speed-up
of the calculations by several orders of magnitude while retain-
ing the accuracy. Based on this and other comparisons, we con-
clude that for all practical purposes, the low dimensional model
has practically the same accuracy as the detailed model and can
be used with confidence for the design and real time simulation
of catalytic monoliths.

Step change in temperature

In the previous section, we presented low-dimensional
model simulations for the case of constant inlet temperature
and concentrations. But the inlet conditions to the catalytic
monolith used in automotive applications are highly transient.
Therefore, the application of the low-dimensional model pre-
sented above should be justified under such conditions. We
demonstrate the application of the low-dimensional model
under transient inlet conditions by simulating the transient
response of the catalytic monolith after a step increase in the
feed temperature. Initially, the monolith is operating under
steady state conditions with typical parameter values listed in
Table 2. Now the feed temperature is increased to 640 K
keeping all other parameters constant. The transient fluid and
solid temperature profiles are shown in Figure 8. Initially,
there is a middle ignition. As the feed temperature is
increased to 640 K, the front portion of the monolith gets
heated by convective heat transfer. Because of higher temper-
atures and higher rates of reaction, ignition shifts to the front
part of monolith where most of the reactants get consumed
and there is practically no heat generation in middle and back
end of the monolith. During initial start up, middle part of the
monolith looses heat rapidly by convection and shows a mini-
mum in the temperature. The reaction exotherm generated in
the front part is constantly carried downstream by convection

Figure 7. (a) Comparison of monolith temperature at
different times predicted by low-dimensional
model and detailed solution; (b) comparison
of exit conversions predicted by low-dimen-
sional model and detailed solution.
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in fluid phase and axial conduction in solid phase and finally,
after 200 s, the monolith approaches a new steady state.

Importance of washcoat diffusion

In this section, we study the role of washcoat diffusion in
predicting the cold-start behavior of the TWC and cumulative
emissions using the low-dimensional model. We compare the
low-dimensional model solution with washcoat diffusion and
the two-phase model solution without washcoat diffusion. The
two-phase model solution is obtained by assuming uniform
concentration in the washcoat in transverse direction.

A feed temperature of 650 K is used in the simulations,
rest of the parameters are same as those listed in Table 2.
Figure 9a shows the transient monolith temperature with and
without washcoat diffusion. It should be pointed out that
neglecting washcoat diffusion predicts early light-off as it
results in higher rates of internal solid phase mass transfer
and hence higher rates of reactions. When washcoat diffusion
is included, not only the light-off is delayed but also the loca-
tion gets shifted from the front end to further downstream as
shown in Figure 9a. Moreover, the maximum solid tempera-
ture is always lower for the case of washcoat diffusion until
steady state is reached as shown by Figure 9b. Thus, we
observe lower exit conversions with washcoat diffusion as
shown in Figure 10. Table 3 shows the percentage error in cu-
mulative emissions for first 100 s when washcoat diffusion is
neglected. It is important to note that neglecting washcoat dif-
fusion results in significant error in predicting cumulative
emissions for hydrocarbon, CO and NO. Because the diffusiv-
ity of hydrogen is high, neglecting washcoat diffusion does
not result in significant error in cumulative emissions of H2.

Conclusions and Discussion

The main contribution of this work is the development of
a new low-dimensional model for real time simulations of
catalytic reactions in monoliths. The new model is derived
directly by averaging the governing equations and using the
concepts of internal and external mass transfer coefficients.

Figure 9. (a) Comparison of monolith temperature in
the TWC with and without washcoat diffu-
sion; (b) comparison of maximum solid tem-
perature in the TWC with and without wash-
coat diffusion.

Figure 10. Comparison of exit conversions in the TWC
with and without washcoat diffusion.

Figure 8. Simulated transient fluid and solid tempera-
ture profiles in a TWC for a step increase in
feed temperature.
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A major advantage of the new model compared to the more
extensively used two-phase models of catalytic reactors is
that it includes washcoat diffusional effects without explic-
itly solving the multicomponent diffusion-reaction problem
in the washcoat. The new multimode model captures all the
important features involving exchange of mass and thermal
energy between different phases. It describes mass transfer
as the combined effect of external or interphase gradient
(Cfm � Cs) and intraphase gradient (Cs � hCwci) in the
washcoat. The low dimensional model reduces the number
of equations to be solved retaining all the parameters and
essential physics of the full convection-diffusion-reaction
model. It speeds up the transient as well as steady-state cal-
culations by orders of magnitude while retaining the accu-
racy needed for most practical applications.

The low-dimensional model presented here can be
extended to include more detailed or microkinetic models,
oxygen or NOx storage, axial activity variations, and time
varying inlet conditions or periodic operation. These and
other extensions will be considered in future work.
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Notation

av ¼ fluid-washcoat interfacial area per unit volume, m2/m3

C1 (C2) ¼ reactant concentration in fluid phase (washcoat), mol/m3

Cfm ¼ cup-mixing concentration in fluid phase, mol/m3

Cs ¼ fluid-washcoat interfacial concentration, mol/m3

hCwci ¼ local volume averaged concentration in the washcoat, mol/
m3

cpf ¼ specific heat of gas, J/kg/K
cpw ¼ specific heat of solid, J/kg/K
Df ¼ molecular diffusivity of the reactant in the fluid phase, m2/

s
Ds ¼ effective diffusivity of the reactant within washcoat, m2/s

f(x,y) ¼ local fluid phase velocity profile
h ¼ heat transfer coefficient, J/m2/K/s

kme ¼ external mass transfer coefficient from the bulk of fluid
phase to fluid-washcoat interface, m/s

kmi ¼ internal mass transfer coefficient between the interior of
the washcoat and fluid-washcoat interface, m/s

kw ¼ thermal conductivity of the solid, W/m/K
L ¼ length of the channel, m
p ¼ transverse Peclet number

Pe ¼ axial Peclet number
PX ¼ wetted fluid-washcoat interfacial perimeter, m
R ¼ reaction rate calculated per unit catalyst phase volume,

mol/m3/s
Rs ¼ reaction rate calculated per unit interfacial area, mol/m2/s

RX1
(RX2

) ¼ effective transverse diffusion length for flow (washcoat)
area, m

RXw
¼ effective wall thickness, m

RXs
¼ half thickness of the solid wall without washcoat, m

She ¼ external Sherwood number
Shi ¼ internal Sherwood number
Tf ¼ cup-mixing temperature of fluid phase, K
Ts ¼ solid phase temperature, K
hui ¼ average fluid velocity, m/s
x,y ¼ transverse coordinate
z ¼ axial coordinate

Greek letters

ef (es) ¼ volume fraction of fluid phase (washcoat)
ewc ¼ porosity of washcoat
k ¼ ratio of transverse diffusion lengths of washcoat to fluid

phase
l ¼ ratio of reactant diffusivities in the fluid phase and the

washcoat
m ¼ stoichiometric coefficient
g ¼ effectiveness factor
qf ¼ density of gas, kg/m3

qw ¼ density of solid, kg/m3

!2
T ¼ transverse Laplacian operator

qX1 (qX2) ¼ solid–fluid interfacial (outer channel wall) boundary
X1 (X2) ¼ cross-sectional domain of fluid phase (washcoat)

/s ¼ Thiele modulus
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